The rare kaon decays K → π + − and K → πνν are flavor changing neutral current (FCNC) processes and hence promising channels with which to probe the limits of the standard model and to look for signs of new physics. In this paper we demonstrate the feasibility of lattice calculations of K → π + − decay amplitudes for which long-distance contributions are very significant. We show that the dominant finite-volume corrections (those decreasing as powers of the volume) are negligibly small and that, in the four-flavor theory, no new ultraviolet divergences appear as the electromagnetic current J and the effective weak Hamiltonian H W approach each other. In addition, we demonstrate that one can remove the unphysical terms which grow exponentially with the range of the integration over the time separation between J and H W . We will now proceed to exploratory numerical studies with the aim of motivating further experimental measurements of these decays.
I. INTRODUCTION
The rare kaon decays K → π + − and K → πνν are flavor changing neutral current (FCNC) processes which arise in the Standard Model through W -W and γ/Z-exchange diagrams, containing up, charm and top quarks in the loop. As a second-order electroweak interaction, the SM contributions are highly suppressed in FCNC processes, leaving the rare kaon decays as ideal probes for the observation of New Physics effects. Additionally, these decays can be used to determine SM parameters such as V td and V ts , to search for CP violating effects and to test the low-energy structure of QCD as described within the framework of chiral perturbation theory (ChPT). In this paper we discuss the feasibility of computing K → π + − decay amplitudes in lattice simulations; the corresponding study for K → πνν decays will be presented in a forthcoming companion paper [2] .
The first observation of 41 K + → π + e + e − decays was made at the CERN PS accelerator in 1975 [3] . After a long series of experiments spanning 40 years, NA48/2 at the CERN SPS accelerator has observed a sample of 7253 K ± → π ± e + e − decays [4] and a sample of 3120 [5] . These precision measurements give important information on the low-energy structure of the weak interaction and provide important tests of ChPT. Though expected to be difficult, the first observations of the decays K S → π 0 e + e − (7 events) [6] and K S → π 0 µ + µ − (6 events) [7] are reported by the NA48/1 experiment at the CERN SPS accelerator. These K S decays are important in isolating the contribution of direct CP violation in the decay K L → π 0 + − . For these interesting CP-violating K L decays, upper bounds are set for Br(K L → π 0 e + e − ) < 2.8 × 10 −10 [8] and Br(K L → π 0 µ + µ − ) < 3.8 × 10 −10 [9] .
On the theoretical side, much work has been done to understand and evaluate both the short-and long-distance contributions to rare kaon decays. Some useful reviews can be found in [10] [11] [12] [13] [14] [15] . The CP-conserving decays K + → π + + − and K S → π 0 + − are dominated by long-distance hadronic effects induced through the one-photon exchange amplitude. So far the relevant decay amplitudes are studied and parameterized within the framework of
ChPT [16, 17] . A challenge, but also an opportunity, for the lattice QCD community is to compute the decay amplitudes reliably, as well as determining the necessary lowenergy constants used in ChPT. We will explain in the following section that the significant interference between the direct and indirect CP violating components of the decay K L → π 0 + − (see Refs. [18, 19] ) implies that lattice QCD results for K S decays can be used to evaluate the CP-violating contributions to K L decays. In Ref.
[1] it had already been proposed to calculate the long-distance contributions to rare kaon decays using lattice QCD.
Our work builds on Ref.
[1] and leads us to conclude that such computations are feasible with present understanding and recent theoretical and technical advances.
The remainder of this paper is organized as follows. In the next section we review the phenomenological background for K → π + − decays with an emphasis on the long-distance contributions. The procedure to obtain the amplitudes from lattice simulations is presented in Sec. III. Finite-volume effects and renormalization are briefly discussed in Sec. IV and V respectively. Finally we present our conclusions in Sec. VI.
II. PHENOMENOLOGICAL BACKGROUND
In K → π + − decays, the loop function associated with the γ-exchange diagrams has a logarithmic dependence on the masses of the quarks entering in the FCNC process (this is known as logarithmic or soft Glashow, Iliopoulos, Maiani (GIM) mechanism). The unsuppressed sensitivity to the light-quark mass is a signal of long-distance dominance in the CP-conserving K + → π + + − and K S → π 0 + − decays. The short-distance contribution to the amplitude from Z-exchange and W -W diagrams also exists, but is much smaller than the long-distance part induced by the γ-exchange diagrams and does not play an important role in the total branching ratio. This logarithmic GIM mechanism does not apply to direct CP violation in K L → π 0 + − decays since Im λ u = 0 where λ q = V * qs V qd . As a result, the direct CP-violating contribution is short-distance dominated.
Considering only the dominant one-photon exchange contribution, the amplitude A i (i = +, S) for K + and K S decays can be written in terms of an electromagnetic transition form factor V (z) [17, 20] 
where z = q 2 /M 2 K and q = k − p. Here we follow the notation used in Ref. [15] ; k, p and p ± indicate the momenta of the K, π and ± , respectively. For both K + and K S decays, the form factor V i (z) has been analyzed in ChPT [17] and has been parameterized in the form Here V i (z) is analytic in the complex z-plane, with a branch cut starting from 4r 2 π , where Fig. 1 
is given in [17] . As a standard twice-subtracted dispersion relation,
Therefore, the inclusion of V ππ i (z) does not affect a i , which is the form factor V i (z) at zero momentum transfer. The a i and b i , can be determined using the experimental data using the dilepton invariant mass spectra as inputs. The parameterization (2) provides a successful description of the K + → π + + − data but shows large corrections beyond leading order in ChPT [17] . A lattice QCD calculation can help to understand the origin of these large corrections.
For K S decays, only a few events have been observed in experiments. The dilepton invariant-mass spectra are therefore unavailable. Assuming vector meson dominance, the authors of [17] used the branching ratios to determine the parameter |a S | and obtain |a S | = 1.06
−0.21 for the electron and |a S | = 1.54
−0.32 for the muon. There are two drawbacks of using the branching ratios: they do not give information about the explicit z-dependence and only the modulus of a S can be determined. It would be very useful if lattice QCD calculations could determine the sign of a S and also provide a test for the vector meson dominance assumption.
K L → π 0 + − decays are interesting for precision studies of CP violation. The relevant decay amplitudes receive three major contributions [18, 19] :
1. a short-distance dominated direct CP-violating term, see Fig. 2(a1,a2) , These three contributions are of comparable size [18] . Here we mainly focus on the CP violating effects. The total CP-violating contributions to the K L branching ratios are summarized in [15] as
where the |a S | 2 -term comes from the indirect CP-violating component of the amplitude, the 
Once lattice QCD has determined the sign of a S , this large uncertainty will be clarified.
In this paper we do not address the evaluation of the CP-conserving (CPC) component of the K L → π 0 + − amplitude given by the two-photon exchange diagram in Fig. 2(c) . The helicity suppression of the angular momentum J = 0 channel leads to a negligible contribution (of O(10 −14 ) to the branching ratio) for the electron mode, but a comparable contribution to the CP-violating one for the muon mode. For example, using a phenomenological study based on ChPT, the authors of Ref. [18] estimate
The J = 2 contribution on the other hand is expected to be negligible for the muon channel, but may be of O(10 −13 ) for the electron channel so that the decay K L → π 0 e + e − is predominantly CP-violating [15] . Nevertheless, in due course after we manage to compute the K L → π 0 γ * → π 0 + − contribution to the decay amplitude, it will be an interesting challenge to compute the two-photon exchange contribution.
Since the phenomenology of rare kaon decays has, up to now, been based on ChPT much of the discussion of this section has been in this context. We stress however, that the goal of lattice computations reaches beyond the evaluation of the low energy constants. The amplitudes will be calculated from first principles at several values of q 2 and the results themselves can then be used in future phenomenological studies.
III. EVALUATION OF THE AMPLITUDES IN EUCLIDEAN SPACE-TIME
In this section we discuss the evaluation of rare kaon decay amplitudes using lattice computations of Euclidean correlation functions. We start however, with the definition and a discussion of the amplitudes in Minkowski space.
A. Definition of the amplitude
The long distance part of the
by [17, 20] :
The external states are on their mass shells and we define q ≡ k − p. The index j = +, 0 labels the charge of the mesons, and H W is the effective weak Hamiltonian density defined by [1]:
where the C i are the Wilson coefficients in a chosen renormalization scheme. Q q 1,2 are the following current-current local operators:
where a and b are summed color indices and γ
We envisage working in the four-flavor theory and exploiting the GIM cancellation of ultraviolet divergences as explained in Sec. V. The electromagnetic current J µ is the standard flavor-diagonal vector current:
Electromagnetic gauge invariance implies that each non-local matrix element can be written in terms of a single invariant form factor:
and the non-perturbative QCD effects are contained in the form factors w j i (q 2 ). In the phenomenological studies described in Sec. II, the w j i (q 2 ) are written in terms of a parametrization influenced by ChPT. Note that a consequence of (10) is that the matrix elements vanish when p = k = 0, i.e. when the invariant mass of the lepton pair is the largest which is kinematically allowed, q 2 = q 2 max . Thus to obtain non-zero matrix elements at least one of the mesons must have a non-zero three-momentum.
Inserting a complete set of states in each of the two possible time-orderings in (6), one obtains the following spectral representation for the amplitude:
where ρ and ρ S are the associated spectral densities. For what follows it is important to notice that ρ (ρ S ) selects only states with strangeness S = 0 (S = 1).
B. Euclidean correlators
For the remainder of the paper we assume that the vector current is the conserved one as
given by Noether's theorem and which depends on the chosen lattice discretization of QCD.
The rare kaon decay amplitudes will be determined by computing Euclidean correlation functions and we now turn to a discussion of these. Throughout this section we consider the time dimension to be infinite or very large compared to the time separations of the inserted operators.
2-point functions
To obtain the energy of single-meson states we consider the following 2-point function:
where φ P (t, p) is an annihilation operator for a pseudoscalar meson P with spatial momentum p at time t. For t 0 (and t T /2, where T is the temporal extent of the lattice), Γ
P (t, p) has the following behavior:
with
Depending on the choice of interpolating operator φ P , Z P may (and in general will) depend on the momentum p but we do not exhibit this dependence explicitly here and in the following. 
3-point functions
To obtain matrix elements of the effective weak Hamiltonian, we define the following 3-point function:
with 0 < t H < t π and on a discrete lattice the integral over x is replaced by the corresponding sum. The 4 Wick contractions necessary to compute Γ
H are illustrated in Fig. 3 .
H has the following behavior:
. We also define the 3-point function of the electromagnetic current:
where P denotes the pseudoscalar meson (P = π or K) and j its charge. This correlation function has the following asymptotic behavior for t t J 0:
where
4-point functions
In order to compute the amplitude (6), we define the following unintegrated 4-point correlation function:
where 0 < t J , t H < t π . As explained in the next section, the rare kaon decay amplitudes are obtained by integrating Γ (4) j µ (t H , t J , k, p) over t H and t J (or by exploiting time translation symmetry and integrating over their difference).
We now perform the quark Wick contractions in (18) to generate the diagrams which need to be evaluated. Assuming isospin symmetry in the quark masses, m u = m d , 20 types of diagrams have to be computed for the charged correlator and 2 additional ones are needed for the neutral correlator. We organize these diagrams in 5 classes, which are presented in Figs. 7 -11. It is convenient to define the factor
which represents the propagation of the external pseudoscalar mesons in Γ (4) j µ (t H , t J , k, p). This factor does not contribute to the rare kaon decay amplitude and we choose to define the normalized unintegrated correlatorΓ 
C. Extracting the rare kaon decay amplitude
In order to obtain the amplitude (6), we need to integrate the 4-point correlator
, defining the integrated correlator by:
has the following spectral representation:
where, as in Minkowski space in Eq. (11), ρ and ρ S are the spectral densities of non-strange and strangeness S = 1 states respectively. In finite-volume, we write the spectral densities as ρ(E) = n (2E n )δ(E − E n ) (and similarly for ρ S ) so that the integrals reduce to sums over the finite-volume states n. The exponential factor in Eq. (21) is introduced to cancel the t J dependence in (22) . To recover the Minkowski amplitude (6), one needs to consider
Since ρ selects states with strangeness S = 0, the contribution of the states with E < E K (k) diverge exponentially as T a → +∞ in the first integral of (22) . This is a standard feature in the evaluation of long-distance contributions (see e.g. [21, 22] for a detailed discussion in the context of the K L -K S mass difference).
These contributions must be subtracted in order to extract the rare kaon matrix element from Euclidean correlation functions. Note that there are no exponentially growing terms with T b , since all the strange states with momentum p have energies larger than E π (p).
We define the subtracted, integrated correlator I j µ (T a , T b , k, p) by subtracting all the terms which grow exponentially with T a from the right-hand side of (22) . With this definition we can write the rare kaon decay amplitude as follows:
How does one compute the subtracted quantity I j µ (T a , T b , k, p) in practice? For physical values of the quark masses, the only intermediate states that can generate an exponentially growing term in (22) are ones consisting of 1, 2 or 3 pions, the vacuum intermediate state being forbidden by parity conservation. We will now discuss each of these cases, providing two different approaches for the treatment of the dominant single-pion contribution.
Removal of the single-pion divergence, first method
The unphysical divergent term in (22) coming from the single pion intermediate state is
given by:
where the notation of Sec. III B has been used. Because the pion is a stable state in QCD, D π (T a , k, p) can be entirely determined by fitting the asymptotic time behavior of the 2 and 3-point functions as described in Sec. III B.
Removal of the single-pion divergence, second method
We propose a second method to remove the single-pion divergence which is more "automatic" than the previous approach. This method is analogous to the procedure used in the calculation of the K L -K S mass difference in [22] . It is based on an additive shift of the weak Hamiltonian:
where c s (k) is chosen such that:
By replacing H W with H W the divergent contribution from the single-pion state (24) is cancelled. We now show that the transformation (25) does not affect the rare kaon decay amplitude. The scalar density appearing in (25) can be written as a total divergence using the following vector Ward identity (which is satisfied exactly on the lattice):
where V sd µ is the sd flavor non-diagonal vector Noether (conserved) current. The relevant matrix elements of the scalar density can now be written as : Using (22) and (23) we find that the total contribution of c s (k)sd to the amplitude A j µ (q 2 )
is proportional to:
because of the vanishing commutator between the flavor-diagonal current J µ and the flavor non-diagonal vector charge
y). Thus the physical amplitude is invariant under the transformation in Eq. (25). This property is independent of the value of c s (k) (and thus from the tuning condition (26)).

Removal of the two-pion divergence
In principle, a two pion intermediate state can contribute to a rare kaon decay through the process illustrated in Fig. 4 . The matrix elements of vector and axial currents between a single-pion and a two-pion state have the following form factor decomposition:
We now show that the vector current does not contribute. Indeed, in Fig. 4 the ππ → πγ * vertex gives the following factor:
Because of O(4) invariance the integral in (32) can only be a linear combination of p σ and k σ which gives a vanishing contribution once contracted with the Levi-Civita symbol.
In the lattice theory, the cubic symmetry is sufficient for the integral (or the corresponding sum in a finite volume) to be a vector, but with corrections which vanish as the lattice spacing a → 0. At finite lattice spacing however, there is a non-zero two-pion contribution from lattice artifacts. For example, since the four-component quantity
transforms as the same four-dimensional irreducible representation of the cubic group as k, one can imagine terms of the form a 2 ε µνρσ p ν k ρ (k σ ) 3 to be present. These terms will be amplified by the growing exponential factor in (22) and will need to be considered in the analysis. By studying the behavior with a 2 and T a we anticipate being able to confirm our expectation that these effects are very small. For example, in our study of ∆M K , the K L -K S mass difference [21, 22] , with an inverse lattice spacing of 1.73 GeV and a pion mass of 330 MeV, we find that the on-shell two-pion contributions are just a few per-cent and the artifacts are of O(3%) of these. Assuming similar factors here, the exponential factor (22) would be insufficient for practical values of T a to make the two-pion contribution significant until the calculations reach sub-percent precision.
Removal of the three-pion divergence
Contributions containing three-pion intermediate states are generated by diagrams such as those in Fig. 5 . By comparing the measured widths of K S → ππ decays to those of K S,+ → πππ decays we estimate the relative phase-space suppression to be a factor of O(1/500) or smaller. Moreover, as explained above, we already expect the on-shell two-pion contribution to be very small (of order a few percent) and so we anticipate that the on-shell three-pion contribution is negligibly small.
For the the diagram in Fig. 5 (a) the contribution to the growing exponential in (22) can be avoided completely by restricting the calculations to q 2 ≤ 4M In the relatively distant future, if the precision required by experimental measurements and achievable in lattice computations is sufficiently high one can imagine, in principle at least, reconstructing the contributions from three-pion intermediate states explicitly as proposed in Sec. III C 1 and removing the associated exponential divergences in (22) . Computing the relevant matrix elements is very challenging however, and the recently developed theory of trihadron states on a torus [23] is, so far at least, purely theoretical and has not been used in a practical lattice calculation. K → πππ matrix elements have also not been computed to date.
IV. FINITE VOLUME EFFECTS
In this section we briefly discuss issues concerning the finite-volume corrections arising from the evaluation of rare kaon decay amplitudes computed in a finite, periodic hypercubic lattice. The creation of on-shell intermediate multi-particle states will generate finite-volume corrections which decrease only as powers of the volume and not only exponentially. Thus in addition to generating exponentially growing terms in (22) There has been considerable work recently devoted to understanding the finite-volume corrections in three-hadron intermediate states [23] . If and when the precision of lattice computations of rare kaon decays amplitudes reaches the precision requiring the control of these effects, then it is to be hoped that the theoretical understanding provided in [23] can be developed into a practical technique generalizing the use of the Lellouch-Lüscher factor in K → ππ decay amplitudes [24] .
V. RENORMALIZATION
The ultraviolet divergences which appear in the evaluation of the matrix elements of Hamiltonian density and we start by briefly recalling the normalization of these operators before considering the contact terms arising as they approach each other.
A. Renormalization of H W and J µ
We assumed in Sec. III B that the current J µ is the conserved one given by Noether's theorem applied to the chosen QCD action being used. It therefore satisfies the following vector Ward identity:
where O(x 1 , . . . , x n ) is a multi-local operator with all the points x 1 , . . . , x n distinct from x.
On the lattice, this identity is exactly satisfied and the derivative becomes a backward finite difference operator. This exact conservation means that the vector current does not require any renormalization as the continuum limit is taken.
The Wilson coefficients C 1,2 in the weak Hamiltonian H W defined in (7) are currently known at NLO in the MS scheme [10] . Since renormalization conditions based directly on The use of a lattice formulation with good chiral symmetry, such as domain wall fermions, prevents mixing with dimension-6 operators which transform under different representations of the chiral flavor group SU (4) L × SU (4) R . Within this formulation we can follow the renormalization procedure described in detail in [21, 22] in the evaluation of the K L -K S mass difference. In that case the effective weak Hamiltonian is a simple extension of (7),
where the operators are generalizations of those in Eq. (8)
Since the components with q = q do not contribute to the matrix elements for K → π + − decays, one is able to rewrite H W in Eq. (34) in the form given in Eq. (7). We have seen that as a result of gauge invariance and the GIM mechanism in the fourflavor theory there are no additional UV divergences in
from the short distance region x 0. In the three-flavor theory, gauge invariance still protects the correlation function from quadratic divergences, but then there remains a logarithmic term which can be removed using non-perturbative renormalization techniques [25] .
VI. CONCLUSIONS
Precision flavor physics will continue to be a central tool in searches for new physics and in guiding and constraining the construction of theories beyond the Standard Model. Lattice QCD simulations play an important rôle in quantifying the non-perturbative hadronic effects in weak processes. We must therefore continue to both improve the precision of the determination of standard quantities (such as leptonic decay constants, semileptonic form factors, neutral meson mixing amplitudes etc.) and to extend the range of physical quantities which become amenable to lattice simulations. In this paper we propose a procedure for the evaluation of the long-distance effects in the rare kaon decay amplitudes K → π + − . These effects represent a significant (and unknown) fraction of the amplitudes. In a companion paper [2] we discuss the prospects for the evaluation of long distance contributions to the rare decays K → πνν which will soon be measured by the NA-62 experiment at CERN and the KOTO experiment at J-PARC. These decays are dominated by short-distance contributions, but given that they will soon be measured, it is interesting also to determine the long-distance effects which are expected to be of the order of a few percent for K + decays.
In the previous sections we have explained how the technical issues needed to perform the lattice simulations can be resolved. Unphysical terms which grow exponentially with the range of the time integration, generally present when evaluating long-distance effects containing intermediate states with energies which are less than those of the external states,
were shown in Sec. III C to be absent or small. They could potentially arise from the presence of intermediate states consisting of one, two or three pions and we considered each of these cases in turn. Similarly, the corresponding finite-volume corrections are small provided that the invariant mass of the lepton-pair is smaller than 2M π . Ultraviolet effects were discussed in Sec. V. We envisage using the lattice conserved electromagnetic vector current J µ so no renormalization of this operator is required. In addition to the now standard renormalization of the weak Hamiltonian H W , we need to consider the possible additional ultraviolet divergences which may arise when J µ and H W approach each other. Electromagnetic gauge invariance implies that no quadratic divergence is present [1] and in the four-flavor theory the remaining logarithmic divergence is cancelled by the GIM mechanism.
We conclude that it is now feasible to begin studying rare kaon decays K → π + − in lattice simulations and in particular to computing the long-distance contributions. The next step is to figure out how to practically implement the numerical calculation of these amplitudes. The main challenge resides in the calculation of the 4-point function in Eq. (18) .
One important problem is the evaluation of diagrams containing closed loops which require the knowledge of quark propagators from a point to itself for every lattice site. Actual numerical calculations have been underway for the past two years [28] and we are preparing papers describing exploratory results. Within the next five years we would hope that the hadronic effects in these decays would be quantified with good precision, thus motivating the extension of the experimental studies of K → πνν decays to include also K → π + − decays. [2] N. Christ, X. Feng, A. Portelli, and C. Sachrajda (RBC-UKQCD), in preparation (2015).
